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Linear Multifidelity Models



Forrester Function
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Linear Multifidelity Model

fhigh = ferr + ρflow
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GP Multifidelity Model

[
flow
fhigh

]
∼ GP

([
0
0

]
,

[
klow ?
?T ??

])
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Multifidelity GP ?

Var(fhigh, flow) = E [(ferr + ρflow − 0)(flow − 0)]
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Multifidelity GP ?

Var(fhigh, flow) = E [(ferr + ρflow − 0)(flow − 0)]
= E [ferrflow] + ρE

[
f 2
low
]
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Multifidelity GP ?

Var(fhigh, flow) = E [(ferr + ρflow − 0)(flow − 0)]
= E [ferrflow] + ρE

[
f 2
low
]

= ρklow
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Multifidelity GP ??

Var(fhigh) = E [(ferr + ρflow − 0)(ferr + ρflow − 0)]
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Multifidelity GP ??

Var(fhigh) = E [(ferr + ρflow − 0)(ferr + ρflow − 0)]
= E

[
(ferr + ρflow − 0)2] = E

[
f 2
err + ρ2f 2

low + 2ρflowferr
]
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Multifidelity GP ??

Var(fhigh) = E [(ferr + ρflow − 0)(ferr + ρflow − 0)]
= E

[
(ferr + ρflow − 0)2] = E

[
f 2
err + ρ2f 2

low + 2ρflowferr
]

= E
[
f 2
err
]
+ ρ2E

[
f 2
low
]
+ 2ρE [flowferr]
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Multifidelity GP ??

Var(fhigh) = E [(ferr + ρflow − 0)(ferr + ρflow − 0)]
= E

[
(ferr + ρflow − 0)2] = E

[
f 2
err + ρ2f 2

low + 2ρflowferr
]

= E
[
f 2
err
]
+ ρ2E

[
f 2
low
]
+ 2ρE [flowferr]

= kerr + ρ2klow
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GP Multifidelity Model

[
flow
fhigh

]
∼ GP

([
0
0

]
,

[
klow ρklow
ρkT

low kerr + ρ2klow

])
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Results
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Results
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Linear Model of Co-regionalisation

yi = Wfi + ε

fl ∼ GP(0,Kl)

cov(yiq, yiq′) =
L∑

l=1

kl(xi , xj)wqlwql′

• L latent functions f1, . . . , fl
• W ∈ RDL loading matrix
• Gaussians are closed under linear operations

12



Linear Model of Co-regionalisation


y11

y21
...

ynd

 ∼ GP




0
0
...
0

 ,K + σ2Ind


• General case

K =
L∑

i=1
wlwT

l ⊗ Kl

• All processes share the same kernel

K = WWT ⊗ Knn
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Multi-output Gaussian Processes (Álvarez et al.)

K = Bdd ⊗ Knn

• Inverse
K−1 = (Bdd)

−1 ⊗ (Knn)
−1

• Determinant
det(K) = det(Bdd)

n det(Knn)
d
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Mauricio A Álvarez et al. (2012). “Kernels for Vector-Valued Functions: A
Review”. In: Foundations and Trends® in Machine Learning 4.3,
pp. 195–266
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Non-Linear Multifidelity Models



Non-Linear Multifidelity

flow(x) = sin(8πx)
fhigh(x) = (x −

√
2)f 2

low(x)
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Non-Linear Multifidelity
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Non-Linear Multifidelity: Correlation
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Non-Linear Multifidelity: Linear Model
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Non-Linear Multifidelity

fhigh(x) = ρ(flow(x)) + ferr(x)
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Composite Functions

p(y | x) =
∫

p(y | ρ)p(ρ | flow)p(flow | x)dρdflow

21



Composite Gaussian Processes

p(y) =
∫

p(y | f2)p(f2 | f1)p(f1)df2, df2

• GP Prior

p(f2 | f1) ∼ N (f2; 0,K(f1, f1)) ∝ e
1
2 (f

T
2 K(f1,f1)−1f2)

• Likelihood

p(y | f2) ∼ N (y; f2, β−1) ∝ e−
1
2 (y−f2)T(y−f2)
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Variational Inference

x

y y

x

y

p(y) =
∫

x
p(y|x)p(x) = p(y|x)p(x)

p(x|y)

x

y

θ

qθ(x) ≈ p(x|y)
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Lower Bound (Titsias et al., 2010)

p(f , u | x, z)

• Add another set of samples from the same prior
• Conditional distribution
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Lower Bound (Titsias et al., 2010)

p(f , u | x, z) = p(f | u, x, z)p(u | z)

• Add another set of samples from the same prior
• Conditional distribution
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Lower Bound (Titsias et al., 2010)

p(f , u | x, z) = p(f | u, x, z)p(u | z)
= N (f | KfuK−1

uu u,Kff − KfuK−1
uu Kuf )N (u | 0,Kuu)

• Add another set of samples from the same prior
• Conditional distribution
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Lower Bound

p(y, f , u, x | z) = p(y | f )p(f | u, x)p(u | z)p(x)

• we have done nothing to the model, just project an additional set of
marginals from the GP

• however we will now interpret u and z not as random variables but
variational parameters

• i.e. the variational distribution q(·) is parametrised by these
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Lower Bound

• Variational distributions are approximations to intractable
posteriors,

q(u) ≈ p(u | y, x, z, f )
q(f ) ≈ p(f | u, x, z, y)
q(x) ≈ p(x | y)

• Bound is tight if u completely represents f i.e. u is sufficient
statistics for f

q(f ) ≈ p(f | u, x, z, y) = p(f | u, x, z)
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Lower Bound
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Lower Bound

L =

∫
x,f ,u

q(f )q(u)q(x)logp(y | f )p(f | u, x, z)p(u | z)
q(f )q(u)

− KL(q(x) ‖ p(x))
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Lower Bound

L =

∫
x,f ,u

q(f )q(u)q(x)logp(y | f )p(f | u, x, z)p(u | z)
q(f )q(u)

− KL(q(x) ‖ p(x))

=

∫
x,f ,u

p(f | u, x, z)q(u)q(x)logp(y | f )p(f | u, x, z)p(u | z)
p(f | u, x, z)q(u)

− KL(q(x) ‖ p(x))

=

∫
x,f ,u

p(f | u, x, z)q(u)q(x)logp(y | f )p(u | z)
q(u)

− KL(q(x) ‖ p(x))

= Ep(f |u,x,z)[p(y | f )]− KL(q(u) ‖ p(u | z))− KL(q(x) ‖ p(x))
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Lower Bound

L = Ep(f |u,x,z)[p(y | f )]− KL(q(u) ‖ p(u | z))− KL(q(x) ‖ p(x))

• Expectation tractable (for some co-variances)
• Allows us to place priors and not ”regularisers” over the latent
representation

• Stochastic inference Hensman et al., 2013
• Importantly p(x) only appears in KL(· ‖ ·) term!
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Non-Linear Multifidelity
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Non-Linear Multifidelity
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Non-Linear Multifidelity (Cutajar et al.)

x1 x2 x3 · · · xn

f1 f2 f3 fn

y1 y2 y3 yn

Graphical Model
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Olympic Marathon
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Olympic Marathon: GP
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Olympic Marathon: Composite GP
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Olympic Marathon: Composite GP Layers
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Olympic Marathon: Pinball Plot
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Olympic Marathon: Composite GP Samples
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Summary



Summary

• We can often acquire much more data if we acknowledge their
fidelity

• Linear Model of Co-regionalisation
• Non-linear Multifidelity Models
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What to do with Emulators
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Remaining Lectures

Monday Stirred Tank Reactor Design - Bethany Conroy
Wednesday Further Generative Models - Carl Henrik
Monday Potential Research Talk - Carl Henrik

Wednesday Q/A
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eof
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